The above title is the same, but with "semisimple" instead of "simple," as that of a notice by Nadine Kowalsky. There, she announced many theorems on the subject of actions of simple Lie groups preserving a Lorentz structure. Unfortunately, she published proofs for essentially only half of the announced results before her premature death. Here, using a different, geometric approach, we generalize her results to the semisimple case, and give proofs of all her announced results.
Introduction
Isometric actions on Lorentz manifolds were first investigated in the compact case (see [Zi2] , [G] , [AS1, 2] , [Z3,4] ). The natural question was then: how can a compact Lorentz manifold have a noncompact isometry group? There is strong evidence that such a question is in fact "decidable" for a wide class of geometric structures (see, for instance [DG] , [Zi1] ).
• Geometric approach: The approach here is different from that of Kowalsky (as well as from others', for instance Adams'). Together with [ArDZ] , we get proofs of the main results, in particular, of Theorem 1.1, using many geometric arguments, where one sees the global structure of proofs.
• From simple to semisimple: More importantly, we generalize results to the semisimple case, assuming there are no local SL 2 (R)-factors. A semisimple Lie group is essentially a product of simple Lie groups, but, in general, a nonproper action of a product does not derive from a nonproper action of one factor. However, in the Lorentz setting, we conclude that it necessarily does -that is, the semisimple case reduces to the simple one. This is really an important fact, since it leads one to hope to reduce the remaining work to the case in which the group is solvable. Of course, the reason for this is the Levi decomposition of Lie groups, which says that a Lie group is essentially a semidirect product of a semisimple and a solvable group.
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M. DEFFAF, K. MELNICK AND A. ZEGHIB GAFA 1.7 Kowalsky's legacy. In [K2] , the following theorems are stated. For Theorem 1.3 below, see also [K3, 6.2] . The manifold M and group G are assumed connected throughout. Theorem 1.3. Let G be locally isomorphic to O(1, n) , n ≥ 3, and suppose that G acts on a manifold M preserving a Lorentz metric. Then all noncompact stabilizers have a Lie algebra isomorphic to either o(1, n), o(1, n − 1), or o(n − 1) R n−1 . Theorem 1.4. Let G be locally isomorphic to O(2, n) , n ≥ 6, with G having finite center. Suppose that G acts nontrivially on a manifold M preserving a Lorentz metric. Then all noncompact stabilizers have a Lie algebra isomorphic to o(1, n). Theorem 1.5. Let G and M be as in Theorem 1.4 
above, and assume there is a point of M with noncompact stabilizer. Then the universal cover M is Lorentz isometric to a warped product L × w AdS n+1 , where AdS n+1 is the simply connected (n + 1)-dimensional Lorentz space of constant curvature −1, and L is a Riemannian manifold. Further, the induced action of the universal cover G on M is via the canonical G-action on AdS n+1 and the trivial action on L.
See section 2 below for the definition of warped product.
Results.
As said above in section 1.6, here we provide proofs of all of Kowalsky's previous statements, together with some improvements. A submanifold N in a Lorentz manifold is degenerate if T x N ⊥ ∩ T x N = 0. In Minkowski space R 1,n , the simple subgroup O(1, n) ⊂ Isom(R 1,n ) has one degenerate orbit, which, together with the origin, forms the light cone, the set of all isotropic vectors in R 1,n . The stabilizer in O(1, n) of a nonzero vector in the light cone is isomorphic to O(n − 1) R n−1 , where the action of O(n − 1) on R n−1 is the usual representation.
In the degenerate case, we have the following theorem, which says that a degenerate orbit for a simple group acting nonproperly is locally homothetic to the Minkowski light cone. Together with Theorem 1.5 of [ArDZ] , which classifies nonproper orbits of Lorentz type, it implies Kowalsky's Theorems 1.3 and 1.4 above. Theorem 1.6. Suppose G is a connected group with finite center, locally isomorphic to O(1, n) or O(2, n) for n ≥ 3. If G acts isometrically on a Lorentz manifold and has a degenerate orbit O with noncompact stabilizer G(x) , then (1) G is locally isomorphic to O(1, n) ; Vol. 18, 2008 
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(2) The Lie algebra g(x) is isomorphic to o(n − 1) R n−1 ; (3) The orbit O is locally homothetic to the light cone in Minkowski space.
The following result implies Theorem 1.5 above. We extend the above results to semisimple groups. Note that the noncompact stabilizer assumption is weakened to nonproperness of the action. A local factor of a semisimple Lie group G is a Lie group G 1 such that the Lie algebra g 1 is a direct summand of g. If |Z(G)| < ∞ and G acts on a manifold M , then a finite cover of any local factor G 1 acts on M . Below we will abuse terminology slightly by referring to the "G 1 -action" and "G 1 -orbits" on M . 
The following two examples of nonproper SL 2 (R)-actions illustrate the necessity of the hypothesis of no SL 2 (R)-factors. Example 1.10. In this example, the manifold has constant curvature, but has no common finite cover with any of the constant-curvature models. The group P SL 2 (R) with the Lorentz metric arising from the Killing form is isometric to AdS 3 . For Γ a cocompact lattice in P SL 2 (R), the manifold M = AdS 3 /Γ admits an isometric, nonproper left-action by P SL 2 (R).
This example is a transitive, nonproper, isometric SL 2 (R)-action on a manifold with nonconstant curvature. Let g be the Killing form on sl 2 (R). Let λ 1 , λ 2 and λ 3 be the standard basis for (R 3 ) * . There is an isomorphism sl 2 (R) ∼ = R 3 for which the Killing form is 2λ 1 · λ 2 + λ 2 3 . Under this isomorphism, an R-split element of sl 2 (R) maps to the basis element e 3 . Let c = 1 be a positive number. Let g be the pullback of the form 2λ 1 · λ 2 + cλ 2 3 to sl 2 (R). The adjoint action of the R-split torus A of SL 2 (R) preserves g . Let Γ be a lattice in A. The form g gives rise to an SL 2 (R)-invariant Lorentz metric on M = SL 2 (R)/Γ. The isometric SL 2 (R)-action is nonproper, but M does not have constant curvature.
For Lorentz-isometric actions of SL 2 (R) on finite-volume manifolds, Gromov has shown that all stabilizers are discrete, and the universal cover is isometric to a warped product L × w AdS 3 ( [G, 5.4 
.A]).
This final example illustrates the necessity for the results above of the hypothesis that G has finite center. We thank the referee for bringing this example to our attention. Example 1.12. The main result of [A4] metric. There exists a Lorentz manifold M , diffeomorphic to a torus, with an Anosov action of the integers Z by isometries (see [BaZ, §6.3.3] ); in fact, this action has a fixed point. Then O(2, n) acts isometrically and nonproperly on O(2, n) × Z M . All stabilizers are discrete, and there is obviously no warped product as in the theorems above.
Notation and terminology. The Lie algebra of a Lie group G will be denoted g. The stabilizer subgroup in G and corresponding subalgebra of a point x will be denoted G(x) and g(x), respectively.
Lie groups G and H are locally isomorphic if g ∼ = h. As discussed above, a group G 1 is a local factor of G if g 1 is a direct summand of g.
The dimension of the Lorentz manifold M will be denoted d throughout. 
Properties of the Isotropy Representation
Here we collect some algebraic facts about the structure of nonproper degenerate orbits. Suppose that x is a point of M with degenerate G-orbit. Denote this orbit by O. Recall that d is the dimension of M , and assume that G is semisimple.
Fix an isometric isomorphism of Note that g/g(x) can be identified with
In other words, Φ restricted to V is equivalent to the representation Ad of G(x) on g/g(x) arising from the adjoint representation. Let ad be the representation tangent to Ad.
Lemma 3.1. The stabilizer subalgebra g(x) ⊂ g has the following properties:
(1) For all Y ∈ g(x), the endomorphism ad(Y ) has no real nonzero eigenvalues. In fact, the same is true for ϕ, so ϕ (g(x) ) is conjugate to a subalgebra of k u; (2) The stabilizer subalgebra g(x) contains no element R-split in g; (3) There exists a subalgebra s(x) in which g(x) has codimension one such
, and the representation of g(x) on g/s(x) is skew-symmetric -that is, every endomorphism is diagonalizable with purely imaginary eigenvalues.
Next we will show that the trace of ad(ϕ(Y )) on ϕ(g(x)) is nonnegative. Recall that p decomposes (a × k) u. The restriction of ad(p) to u factors through the projection to a × k, which acts as the standard conformal 
. Therefore, the characteristic roots of ad(ϕ(Y )) on u are in λ + iR. On p/u ∼ = a ⊕ k, the characteristic roots of any adjoint endomorphism are all purely imaginary. Therefore, the characteristic roots of ad(ϕ(Y )) on p are in (λ + iR) ∪ iR, implying that the trace of ad(ϕ(Y )) is nonnegative on ϕ(g (x)). Then the trace of ad(Y ) on g(x) is also nonnegative. Finally, the trace of ad(Y ) on g is positive, contradicting the unimodularity of g. If λ < 0, the same argument shows that the trace of ad(Y ) on g is negative. Therefore, no ad(Y ) has any nonzero real eigenvalues, and no ϕ(Y ) has any nonzero real eigenvalues on V .
If ϕ(Y ) has a nonzero real eigenvalue on R 1,d−1 , then an eigenvector must be isotropic. It either lies in V or is not orthogonal to V ⊥ ∩ V . In either case, ϕ(Y ) has a nonzero real eigenvalue on V , a contradiction.
(2) If an R-split element H ∈ g(x), then by (1), all root vectors on which ad(H) is nontrivial must project to 0 in g/g(x). In this case, g(x) contains a subalgebra isomorphic to sl 2 (R). Applying the monomorphism ϕ would yield a subalgebra isomorphic to sl 2 (R) in p, which is impossible.
Take the corresponding vector in g/g(x), and let Z be any lift to g.
is the desired subalgebra.
From the equivalence of ϕ| V with ad, the representations V/(V ∩ V ⊥ ) and g/s(x) are equivalent. The former is skew-symmetric.
Root Spaces in Isotropy Subalgebra
By a nonproper orbit we will mean one with noncompact isotropy. Theorem 1.8 of [ArDZ] asserts the existence of a nonproper orbit under the assumptions of our Theorem 1.8 above. The proof in [ArDZ] was easily deduced from the following result of [K1] .
Proposition 4.1. If the G-action is nonproper, then there is x ∈ M , and an R-split element H of g such that the negative root space
If x has a nonproper degenerate orbit, the subalgebra s(x) of Lemma 3.1 is exactly the maximal subspace
If this intersection were 0, then the subalgebra ⊕ α(H)≥0 g α would have codimension one in g. Such a subalgebra could only exist if sl 2 (R) were a factor of g, but our hypotheses exclude this.
Remark 4.2. Point stabilizers are discrete for the SL 2 (R)-actions given in Examples 1.10 and 1.11.
Denote by a and ∆ the Cartan subalgebra and root system, respectively, of Proposition 4.1. The remainder of this section is devoted to showing the following proposition. [S, 2.4 .B]). The operator ad(X) is nilpotent; on the other hand, by Lemma 3.1 (3), ad(X) is skew-symmetric on g/s(x), so ad(X)(g) ⊆ s(x). Therefore, J belongs to s(x).
Note J / ∈ g(x) by Lemma 3.1 (2). Therefore s(x) = RJ + g(x), proving (1).
Let S be the set of α ∈ ∆ such that α(H) < 0 and α(J) < 0, so (2) is obviously satisfied. From the relation [J, X] = −2X, any α such that X has a nontrivial component in g α satisfies α(J) = −2, so any such α belongs to S; in particular S is not empty.
For α ∈ S, we have g α ⊂ s(x) and
, by Lemma 3.1 (3), showing statement (3) above. Now, replacing X by a nonzero element of some g α , α ∈ S, we may assume that −J is a basic translation -that is, there exists c α < 0 such that for any Z ∈ a, where κ denotes the Killing form. In this case, we have that for any root β, the reflection
is again a root (see [S, II.5 .A]). Now, to show (4) it suffices to show that dim(g α ) ≥ 2 or that there exists some γ = α also in S.
Suppose dim(g α ) = 1. The assumption that g has no sl 2 (R)-factor implies that there exists some nonzero root δ = α such that δ(J) = 0. We
Nonproper Semisimple Actions: Proof of Theorem 1.8
Reduction of the proof. As discussed in the previous section, it is proved in [ArDZ] that G has an orbit O with a noncompact stabilizer. It is also proved (Theorem 1.5) that if O is Lorentzian, then the situation is exactly as described in Theorem 1.8. If an orbit is not Lorentzian, then it is degenerate, fixed, or Riemannian. Riemannian isometries always have compact isotropy, so the existence of noncompact stabilizers implies that either O is degenerate, or some simple local factor fixes it pointwise. The proof would be finished using the following two propositions, which state that in either situation, there is a nonproper Lorentzian orbit. 
Therefore, Theorem 1.1 of [BoZ] applies, so Φ(
. Because Φ(G 1 ) is simple and G has no local SL 2 (R)-factors, G 1 is locally isomorphic to O(1, n), and n ≥ 3.
Any spacelike vector v ∈ V 1 has Lorentzian Φ(G 1 )-orbit isometric to dS n . The stabilizer of v is locally isomorphic to O(1, n−1); in particular, it is noncompact. The G 1 -orbit of exp x (v) is again of Lorentzian type, by the Gauss lemma (see [O, 5.1] ). The G-orbit of exp x (v) is Lorentzian because it contains a Lorentzian submanifold, and this orbit has noncompact isotropy, as desired.
The remainder of the section is devoted to the proof of Proposition 5.2; the orbit O will be assumed degenerate with noncompact isotropy below.
The asymptotic geodesic hypersurface
Proof. Let X be a nilpotent element of g(x) given by Proposition 4.3, and consider the isometry f = e tX , for some t = 0. The derivative
isotropic, totally geodesic submanifold, which is no longer a graph, since f m is divergent (see [Z2] or [DG, 7.4] ). The intersection E ∩ ({x} × M ) is nontrivial, but has dimension at most 1, because it is isotropic, and M is Lorentzian. Therefore, the projection F x of E is a totally geodesic hy- Proof. Indeed, any Y ∈ s(x) has Y (x) isotropic, and hence the whole Y -orbit of x is isotropic. But, as stated above, isotropic curves of F x are contained in leaves of C -that is, all Y -orbits through x are contained in C x . The image of C x by any element of the one-parameter group generated by Y is an isotropic geodesic tangent to C x at some point, thus equals C x . Proof. The action of Σ α∈S g α on F x /C is trivial, since it is a Riemannian action with a fixed a point and a trivial derivative at it.
Corollary 5.8. Any point of F x has a noncompact isotropy algebra.
Proof. Indeed, Σ α∈S g α has dimension ≥ 2 and has orbits of dimension 1. Therefore, stabilizers are nontrivial. They are not compact since all elements of Σ α∈S g α are nilpotent. Proof. If a point y ∈ F x has a spacelike orbit, then all orbits of points in a neighborhood of y are spacelike, as well. However, any neighborhood of y meets F x − Γ; orbits of points in here cannot be spacelike, because they contain at least one isotropic geodesic.
End of the proof of Proposition 5.2. Fact 5.11. The degenerate orbit O cannot be locally contained in F xthat is, F x ∩ O does not contain an open subset of O.
Proof. Suppose O is locally contained in F x . Then the group G locally preserves F x . From Corollary 5.7, the infinitesimal action of g on the quotient space Q = F x /C is not faithful. More precisely, any factor b of g which contains an element like J (in Proposition 4.3) must act trivially on Q. However, orbits of b cannot be 1-dimensional, since g has no sl 2 (R)-factor. Therefore, b acts trivially on F x . As in the proof of Fact 5.9, this implies b acts trivially on M . Now, from Corollary 5.8, the proof of Proposition 5.2 would be finished once one proves that there is a point of F x with a Lorentz orbit. It suffices to show existence of nondegenerate orbits, since from Corollary 5.10, points of F x cannot have spacelike orbits. Assume, for a contradiction, that all G-orbits of points of F x are degenerate. For any y ∈ F x − Γ, the orbit Gy locally contains the isotropic geodesic C y by Fact 5.9; therefore, T y (Gy) ⊂ n ⊥ y = T y (F x ). In other words, for any Killing field X ∈ g and any y ∈ F x − Γ, the evaluation X(y) is tangent to F x , so X defines a vector field in this open subset of F x . The flow of any y ∈ F x −Γ along X for sufficiently short time is again contained in F x . In particular, since x ∈ F x − Γ, the orbit O is locally contained in F x , contradicting the previous fact. 
Corollary 5.12 (from proof). There is a simple local factor G 1 of G for which the G 1 -orbit of x is a point or degenerate with noncompact stabilizer. In other words, if G has a nonproper orbit that is either a point or
, the projection of X on g 2 generates a precompact 1-parameter group, so X cannot be nilpotent unless it belongs to g 1 . We infer from this that G 1 acts nonproperly on the degenerate orbit O = Gx. Because G 1 is simple and the stabilizer G 1 (x) is noncompact, the orbit G 1 x must be degenerate or one point.
Degenerate Stabilizers: Proof of Theorem 1.6
Now as in Theorem 1.6, assume g ∼ = o(1, n) or o(2, n) for some n ≥ 3 and that g has a degenerate orbit on M with noncompact stabilizer g(x). It is proved in the first section below that g ∼ = o(1, n) and in the second that g(x) ∼ = o(n − 1) R n−1 . The final point of the theorem follows from these two. o(2, n) . Let J, a, and S ⊂ ∆ be as in Proposition 4.3. Observe that there can be at most one negative root α with g α ∩ g(x) = 0. For if X ∈ g α ∩g(x), then let Y ∈ g −α be as in [S, 2.4 
Excluding
Since ad(X) is nilpotent but skew-symmetric on g/s(x) (Lemma 3.1 (3)), the R-split element H α must belong to s(x). Any X ∈ g β would give rise to H β ∈ a ∩ s(x). If α = β, then for some c ∈ R, the difference H α − cH β would be a nonzero R-split element of g(x), contradicting Lemma 3.1 (2).
Suppose that g ∼ = o(2, n). Let β and γ be distinct negative roots, each with (n − 2)-dimensional root spaces. The other negative roots are β − γ and β + γ, with one-dimensional root spaces.
First suppose X ∈ g β ∩g(x). Let L be a generator of g −β−γ . The adjoint (adX) 2 (L) is a nonzero element of g β−γ . On the other hand, Lemma 3.2 (3) implies that any nilpotent element of g(x) has nilpotence order 2 on g/g(x). Then we would have g β−γ ∩ g(x) = 0, a contradiction.
Global AdS Warped Product: Proof of Theorem 1.7
Suppose G is locally isomorphic to O(2, n), n ≥ 3, with finite center, and G acts isometrically on M . By the argument of Kowalsky and the assumption of no local SL 2 (R)-factors, we know that there is a G-orbit with noncompact stabilizer (see section 4). By Theorem 1.6, any G-orbit with noncompact stabilizer is Lorentzian. Then by Theorem 2.2, a neighborhood of some G-orbit is a warped product of the form L × w S, where S is isometric to AdS n+1 up to finite cover. The set of orbits having a neighborhood isometric to L × w S, for some Riemannian manifold L and w : L → R + , is open. Let us prove that this set is also closed, and thus equals the whole of M . A limit O of a sequence O k of such orbits is a non-Riemannian orbit O of dimension ≤ n + 1. Suppose that such a limit O has compact isotropy
, which has codimension 2n in g. Since n ≥ 3, this is impossible. Therefore, for any x ∈ O, the stabilizer G(x) is noncompact. From Theorem 1.6, O cannot be degenerate; hence, it is Lorentzian. Then by the [ArDZ] result (Theorem 2.2 above), a neighborhood of this orbit is isometric to a warped product. Any orbit of M has a neighborhood isometric to L × w S, for some L and w. Let i and i ⊥ denote the respective inclusions of O 0 and Fix (H 0 
. One sees that φ is well defined, and it is in fact the G-equivariant extension of the inclusions.
Next, φ is a covering map. Clearly φ is a local diffeomorphism. It is also easy to see that φ is surjective: the orbit of any y ∈ M is homothetic to S. Let H y be its stabilizer. There is some g ∈ G conjugating H y to H 0 . Then gy ∈ Fix(H 0 ), and y = φ(gy, g −1 x 0 ). Finally, φ is everywhere N -to-1, where
An N -to-1 surjective local diffeomorphism is a covering map.
The submanifold Fix(H 0 ) is Riemannian. Let L = Fix(H 0 ) with the metric pulled back by i ⊥ . By G-equivariance of φ, all leaves φ(L × {y}) are isometric. Also by G-equivariance, the metrics along G-orbits φ({y} × S) are all homothetic, with homothety factor depending only on y ∈ L. Since S and AdS n+1 have a common finite cover, M is isometric, up to finite cover, to a warped product L × w AdS n+1 .
Full Description: Proof of Theorem 1.9
Item (1) of Theorem 1.9 follows from Theorems 1.8 and 1.7.
In this section, we consider the case in which G 1 ∼ = O(1, n). We will take U and V to be the points of M having G 1 -orbit homothetic, up to finite cover, to dS n and H n , respectively. The first point of item (2) follows from Theorem 1.8 and an argument just as above in section 7, to obtain the warped product on each component (see also Lemma 8.1). In the first subsection below, we will deduce the second point of (2) from Theorem 1.6. Next, we address the last point of item (2), to obtain a warped product near Riemannian G 1 -orbits, as well as the global decomposition M = U ∂U V . These two subsections will complete the proof of Theorem 1.9.
Degenerate orbits.
In this subsection, we assume G is locally isomorphic to O(1, n) for some n ≥ 3, and that G acts nonproperly on M . Let U be the set of points having G-orbit homothetic, up to finite cover, to dS n . In order to deduce the second point of (2) from Theorem 1.6, it suffices to prove the following lemma:
Lemma 8.1. Let x ∈ ∂U . Then the G-orbit of x is either a fixed point or degenerate with noncompact isotropy.
Proof. The G-orbit of x cannot be Riemannian and has dimension at most n. Suppose G(x) is compact, so it is contained in a maximal compact subgroup K of G. The Lie algebra k ∼ = o(n) and has codimension n, so g(x) ∼ = o(n); further, Gx is either Lorentzian or degenerate and ndimensional. In either case, the isotropy representation of g(x) has a 1-dimensional invariant subspace tangent to Gx and an (n − 1)-dimensional complementary representation in T x (Gx), which is necessarily trivial.
On the other hand, x is the limit of a sequence x i ∈ U for which the isotropy g(
, and, because these subalgebras have the same dimension, they must be equal. Then continuity of the action implies that g(x) is trivial on T (Gx) ⊥ . Now, whether Gx is Lorentzian or degenerate, the isotropy g(x) is trivial on all of T x M . But isometries fixing a point and having trivial derivative at that point are trivial, so we have a contradiction. Now G(x) is noncompact. If the orbit Gx were Lorentzian, then the result of [ArDZ] (Theorem 2.2 above) would give that x ∈ U . Therefore, the G-orbit of x is fixed or degenerate.
Riemannian orbits.
As above, we assume in this subsection that G is locally isomorphic to O(1, n) for some n ≥ 3, and that G acts nonproperly on M . By Theorem 1.8 (3), the set U defined above is open and nonempty. The following proposition implies the last point of item (2) in Theorem 1.9, as well as the claimed decomposition of M into de Sitter orbits, fixed points and light cone orbits, and hyperbolic orbits.
See Chapter 6 of [K3] for local versions of many of the results below. (2) ∂U = ∂V , and it consists of all fixed points and orbits locally homothetic to the Minkowski light cone.
Notation. There exists a neighborhood of the 0-section of T M on which the exponential map is defined and injective on each fiber. We fix one such neighborhood and denote it by Ω below.
We first collect some lemmas for the proof. subalgebras of o(1, n) . We begin with two facts about certain natural subalgebras of o (1, n) . A subalgebra h ⊂ g is maximal if it is not contained nontrivially in another subalgebra:
Maximal
Consider the infinitesimal action of g = o(1, n) on the projectivization P(R 1,n ) of the standard representation with the standard inner product of type (1, n). For v ∈ R 1,n , denote by v the image in P(R 1,n ).
• If v is spacelike, then g(v) = g(v) is conjugate to g(e 2 ), which is isomorphic to o(1, n − 1), with an obvious embedding in o(1, n).
is conjugate to g(e 1 ), which is isomorphic to o(n), with an obvious embedding in o(1, n).
• Finally, for v nonzero and isotropic, g(v) is conjugate to g(e 1 + e 2 ), which is isomorphic to the parabolic subalgebra p as in section 3. This subalgebra is isomorphic to sim(n − 1), the algebra of infinitesimal affine similarities of R n−1 . The annihilator of a nonzero isotropic v is a codimension-1 ideal of g(v), isomorphic to euc(n − 1), the algebra of infinitesimal affine isometries of R n−1 .
(2) euc(n−1) is contained in exactly one maximal subalgebra, sim(n−1). (3) Let h be a compact proper subalgebra of o(1, n) containing two different conjugates k and k , each isomorphic to o(1, n − 1). Then h is conjugate to o(n).
Proof.
(1) The subalgebra sim(n − 1) acts infinitesimally conformally on the projectivization of the light cone, which is conformally equivalent to S n−1 . It is the infinitesimal stabilizer of one point and acts transitively on the complement of this point. Then, for any X / ∈ sim(n − 1), the algebra generated by X and sim(n − 1) is transitive on S n−1 and contains the full stabilizer subalgebra of each point. It follows that any subalgebra properly containing sim(n − 1) is o(1, n) ∼ = conf(S n−1 ), so sim(n − 1) is a maximal subalgebra.
(2) Let h be a maximal subalgebra of o(1, n) containing euc(n − 1), and suppose that h does not preserve any isotropic line in R 1,n . Because the corresponding connected group H ⊂ O(1, n) is not compact, Theorem 1.1 of [BoZ] implies that h preserves some Lorentz subspace of R 1,n and contains the full infinitesimal linear isometry algebra of this subspace. Because euc(n − 1) preserves no proper Lorentz subspace, h must equal o(1, n).
(3) Let H be the connected subgroup of O(1, n) with Lie algebra h. If H is compact, it is conjugate to a subgroup of O(n) containing two copies of SO(n−1). By an argument similar to that for sim(n−1), the subalgebra o(n − 1) is maximal in o(n), so h = o(n).
Fixed point sets.
Recall that, for H a subgroup of G, the fixed set is denoted Fix (H) . Recall also that the exponential map is defined on Ω and injective on each fiber in it. Each component of Fix (H) Proof. By Proposition 5.2, we can approximate the degenerate orbit O by Lorentzian orbits O i with noncompact isotropy. By Theorem 2.2, each O i is homothetic, up to finite cover, to dS n . Take
) for all i, the limit equals g(x). As in the proof of Lemma 8.1, triviality of g(x i ) on (T x i O i ) ⊥ for all i implies that, in the limit, the isotropy g(x) is trivial on (T x O) ⊥ . It is easy to see from the form of the isotropy representation of g(x) ∼ = euc(n − 1) that the maximal trivial subrepresentation in T x M is exactly (T x O) ⊥ . Then the lemma follows with the exponential map and dimension counting. Proof. The subgroup K is conjugate to SO(n − 1) ⊂ Euc(n − 1). The isotropy representation of K at x fixes any nonzero normal vector 
There is a K-invariant 1-dimensional complementary representation, which is necessarily trivial. We have therefore
to L x , on which K acts trivially. This subspace is exactly the maximal trivial subrepresentation of K on T x M .
where P is a hyperplane in a subspace
As g ranges over G 0 (x), the projection of gv 0 to F 0 ranges over all vectors v with v, n x = v 0 , n x . Then the projection of RG 0 (x)v 0 to F 0 ranges over all v with v, n x = 0. Now the lemma is proved, with F = F 0 and P = F 0 ∩ n ⊥ x .
Hypersurface of degenerate orbits.
Let O be as above, a degenerate orbit with isotropy euc(n − 1). We will next show that any neighborhood of a point of O meets U or V . Then we will show that O lies in a hypersurface of degenerate orbits with the same isotropy, and, finally, that this hypersurface locally separates U from V .
Let X x be as in Lemma 8.6 above. Consider
Proof. Denote by Φ the restriction of the exponential map Φ = exp : 
Because exp is injective on each fiber of Ω, and hence of X (O) , the inverse image S projects injectively under π :
Because n ≥ 3, there exist z, z ∈ W which do not lie on a common isotropic geodesic of O, so that K z and K z are contained in G(y) and are distinct. By Lemma 8.3 (3), either g(y) ∼ = o(n), or it is noncompact. In the latter case, by [ArDZ] and Theorem 1.6, g(y) ∼ = o(1, n − 1) or euc(n − 1).
Let x ∈ O, and let R be a neighborhood of x in Fix (G(x) 
Proof. From Lemma 8.4, R equals exp((T x O) ⊥ ∩ Ω) near x and has dimension d − n. Since g(x) ∼ = euc(n − 1) lies in a unique maximal subalgebra of o(1, n) by Lemma 8.3 (2), the orbit of any z ∈ R is either a fixed point or degenerate. Shrink R so that the G-orbit of any z ∈ R is degenerate; in this case, g(z) ∼ = euc(n−1). The tangent space Proof. From the last lemma, any point x ∈ O has a neighborhood in which dim(g(x)) = dim(g(y)) for all y in the neighborhood; let N be this common dimension. In this neighborhood, the map y → g(y) ∈ Gr N (g) is continuous. There are smaller neighborhoods Z ⊂ W of x such that W is a normal neighborhood of each of its points, and, whenever z, z ∈ Z are such that g(z) = Ad(g)(g(z )), then gz ∈ W . (Note: We take g to be the element of Ad −1 (Ad(g)) closest to the identity.)
Suppose for a contradiction that points on opposite sides of O have the same orbit type. Let Z 1 , Z 2 be the components of Z\ O, and W 1 , W 2 the components of W \ O. Take z ∈ Z 1 and z ∈ Z 2 . By assumption, g(z) and g(z ) are conjugate in G. Let g be a conjugating element with minimal distance to the identity. Then z, gz ∈ W are connected by a unique geodesic, which necessarily passes through O. The common stabilizer g(z) = g(gz ) fixes the geodesic pointwise, so it fixes a point of O. Whether g(z) is isomorphic to o(n) or to o(1, n − 1), neither embeds in the stabilizer of a point of O.
Proof of Proposition 8.2.
Suppose that U = M , so ∂U = ∅. By Lemma 8.9, not only is V nonempty, but the interior int(V ) = ∅. The following fact will be key for the rest of the proof. Now we can show that ∂(int(V )) = ∂U . Suppose x n ∈ int(V ) and x n → x. Denote by O the orbit of x. As usual, we have lim g(x n ) ⊆ g(x), and dim(O) ≤ n. The orbit of x is either Riemannian, degenerate, or fixed.
First suppose O is Riemannian. Then g(x) is compact, so it is conjugate to a subalgebra of o(n). The dimension restriction forces g(x) to be conjugate to o(n), so x ∈ V . As in the proof of 8.1, the isotropy g(x) is trivial on (T x O) ⊥ , so orbits near x have isotropy containing o(n). The orbit O has a neighborhood consisting of Riemannian G-orbits. Because o(n) is a maximal subalgebra, orbits near x all have isotropy g(x). Then x ∈ int(V ), a contradiction.
If O is degenerate, the same argument as in Lemma 8.1 implies that g(x) is noncompact. Then Proposition 5.2 implies that x ∈ ∂U . If x is a fixed point, then Proposition 5.1 implies that x ∈ ∂U . Now Lemma 8.1 gives item (2).
Further, M is G-equivariantly isometric to a warped product L × w G/S, where G/S carries a nondegenerate G-invariant pseudo-Riemannian metric, and L carries the metric induced from M .
The hypothesis that all stabilizers are conjugate in G means that orbits are all isomorphic as homogeneous G-spaces. Together with the irreducibility hypotheses, one obtains that the set of points having a given stabilizer S is transverse to the orbit foliation, and in fact equals Fix (S ) . This situation is exactly that of the proof above. Not only in the proof of (1) in Proposition 8.2, but also in section 7, as part of the proof of Theorem 1.7, we prove a case of this lemma. Note that the hypothesis that all stabilizers are conjugate is strong, and, in each of our two cases, fulfilling the hypotheses of the lemma is intertwined with the rest of the proof.
